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1. Introduction
Some recent results concerning the linear independence of logarithms of special ra-
tional numbers can be found in Sorokin [7]. Bezivin in [1] proves linear independence of
roots of special functional equations. Other criteria for linear independence can be found
in [3].
For the series consisting of rational numbers and converging very fast it is convenient
to define linearly unrelated sequences.
DEFINITION 1. Let {ai,n}∞n=1 (i = 1, . . . ,K) be sequences of positive real numbers.
If for every sequence {cn}∞n=1 of positive integers the numbers
∑∞
n=1 1a1,ncn ,
∑∞
n=1 1a2,ncn ,
. . . ,
∑∞
n=1 1aK,ncn , and 1 are linearly independent, then the sequences {ai,n}∞n=1 (i = 1,
. . . ,K) are said to be linearly unrelated.
This definition is taken from [2]. In [2] there is also a criterion for a sequence of
Cantor type to be linearly unrelated. Recently Hancˇl and Sobková [4] proved the following
theorem.
THEOREM 1.1. Let K be a positive integer and let α, ε be positive real numbers
such that 0 < α < 1. Let {ai,n}∞n=1, {bi,n}∞n=1 (i = 1, . . . ,K) be sequences of positive
integers with {a1,n}∞n=1 nondecreasing, such that
lim
n→∞ sup a
1
(K+1)n
1,n = ∞ , (1)
a1,n ≥ n1+ε , (2)
bi,n ≤ 2(log2 a1,n)α , i = 1, . . . ,K , (3)
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lim
n→∞
ai,nbj,n
bi,naj,n
= 0 , i, j = 1, . . . ,K , i > j (4)
and
ai,n2−(log2 a1,n)
α ≤ a1,n ≤ ai,n2(log2 a1,n)α (5)
hold for every sufficiently large n. Then the sequences { ai,n
bi,n
}∞n=1(i = 1, . . . ,K) are linearly
unrelated.
The main results of this paper are Theorem 2.1 and 2.2 which deal with linear inde-
pendence of special infinite series. The terms of this series consist of rational numbers and
converge very rapidly to zero. The proofs of these theorems make use the idea of the proof
of Sándor’s theorem which can be found in [5]. This paper also include three corollaries
which are in fact consequences of Theorem 2.1 and 2.2.
2. Main results
THEOREM 2.1. Let K and s be positive integers. Let {ai,n}∞n=1 and {bi,n}∞n=1 for
i = 1, 2, . . . ,K be two sequences of positive integers such that
lim inf
n→∞
⎛
⎜⎝lcm(a1,1, . . . , aK,n) max
j=1,...,s
b1,n+j
a1,n+j
+
K−1∑
i=1
max
j=1,...,s
bi+1,n+j
ai+1,n+j
max
j=1,...,s
bi,n+j
ai,n+j
⎞
⎟⎠ = 0 (6)
and
lim inf
n→∞
bi,n
ai,n
· ai,n+s
bi,n+s
> 1 , for i = 1, 2, . . . ,K . (7)
Then the series
∑∞
n=1
b1,n
a1,n
, . . . ,
∑∞
n=1
bK,n
aK,n
and the number 1 are linearly independent over
rational numbers.
EXAMPLE 1. Let {ai,n}∞n=1 and {bi,n}∞n=1 be sequences of positive integers for i =
1, 2 such that a1,1 = a2,1 = 1, a1,2 = a2,2 = 2, a1,3 = a2,3 = 3, b1,n = b2,n = 1 for
n ∈ N and
a1,n+3 =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
2a1,n , if n = 3k, 100  k
5a1,n , if n = 3k + 1, 100  k
3a1,n , if n = 3k + 2, 100  k for k ∈ N0
(a1,1a1,2 . . . a2,n)2 + 1 , otherwise
and
a2,n+3 =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
4a1,n , if n = 3k, 100  k
7a1,n , if n = 3k + 1, 100  k
9a1,n , if n = 3k + 2, 100  k for k ∈ N0
n(a1,1a1,2 . . . a2,n)2 + 2 , otherwise
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for each n = 1, 2, . . . Let us take K = 2 and s = 3 in Theorem 2.1. Then we obtain the
fact that the series ∞∑
n=1
1
a1,n
,
∞∑
n=1
1
a2,n
and the number 1 are linearly independent over rational numbers.
There are several corollaries of Theorem 2.1 below.
COROLLARY 1. Let K be a positive integer. Let {ai,n}∞n=1 and {bi,n}∞n=1 for i =
1, . . . ,K be two sequences of positive integers such that
lim inf
n→∞
(
lcm(a1,1, . . . , aK,n)
b1,n+1
a1,n+1
+
K−1∑
i=1
bi+1,n+1 ai,n+1
ai+1,n+1 bi,n+1
)
= 0
and
lim inf
n→∞
bi,n
ai,n
· ai,n+1
bi,n+1
> 1 for i = 1, 2, . . . ,K .
Then the series
∑∞
n=1
b1,n
a1,n
, . . . ,
∑∞
n=1
bK,n
aK,n
and the number 1 are linearly independent over
rational numbers.
Proof. Put s = 1 in Theorem 2.1. 
EXAMPLE 2. Let {ai,n}∞n=1 and {bi,n}∞n=1 be sequences of positive integers for i =
1, 2, 3 such that a1,1 = 1, a2,1 = 2, b1,1 = 2, b2,1 = 3 and for each n = 1, 2, . . . ,
a1,n+1 =
{
(2n + 3) a1,n , if 500  n[
(a1,1a1,2 . . . a3,n)
3
2
]
, otherwise
b1,n+1 =
{
nb1,n , if 500  n[
(a1,1a1,2 . . . a3,n)
1
4
]
, otherwise ,
a2,n+1 =
{
3a2,n , if 500  n
n(a1,1a1,2 . . . a3,n)2 + 1 , otherwise
b2,n+1 =
{
2b2,n , if 500  n[
(a1,1a1,2 . . . a3,n)
3
4
] + 1 , otherwise
and
a3,n+1 =
{[3√n ] a3,n , if 500  n
(n3 + 2)[(a1,1a1,2 . . . a3,n)
] 5
4 , otherwise
b3,n+1 =
{
[√n + 4] b3,n , if 500  n
n + [logn] , otherwise .
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Let us take K = 3 in Corollary 1. Then we obtain the fact that the series
∞∑
n=1
b1,n
a1,n
,
∞∑
n=1
b2,n
a2,n
,
∞∑
n=1
b3,n
a3,n
and the number 1 are linearly independent over rational numbers.
COROLLARY 2. Let s be a positive integer. Let {an}∞n=1 and {bn}∞n=1 be two se-
quences of positive integers such that
lim inf
n→∞
(
lcm(a1, . . . , an) max
j=1,...,s
bn+j
an+j
)
= 0
and
lim inf
n→∞
bn
an
· an+s
bn+s
> 1 .
Then the series
∑∞
n=1
bn
an
is an irrational number.
Proof. Put K = 1 in Theorem 2.1. 
EXAMPLE 3. Let {an}∞n=1 and {bn}∞n=1 be sequences of positive integers such that
a1 = b1 = 1, a2 = b2 = 2 and for each n = 1, 2, . . . ,
an+2 =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
[n + 2 logn] an + 1 , if n = 2k, 1001  k
(2n2 − 2n + 3) an + 2 , if n = 2k + 1, 1003  k[
(a1a2 . . . anan+1)
4
3 log n
] + 3 , if n = 2k, 1001 | k
[
(a1a2 . . . an)
4
3 log n
] + 4 , if n = 2k + 1, 1003 | k for k ∈ N0
bn+2 =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
[3 logn]bn + 3 , if n = 2k, 1001  k
[n2 − 3√n + 2] bn + 5 , if n = 2k + 1, 1003  k[
3√a1a2 . . . anan+1
] + 7 , if n = 2k, 1001 | k[
3√a1a2 . . . an
] + 11 , if n = 2k + 1, 1003 | k for k ∈ N0 .
Let us take s = 2 in Corollary 2. Then we obtain the fact that the series
∞∑
n=1
bn
an
is an irrational number.
REMARK. If we take K = 1 and s = 1 simultaneously in Theorem 2.1 we obtain
Sándor’s theorem which can be found in [5].
THEOREM 2.2. Let K and s be positive integers. Let {εi,j }sj=1 be a sequence of
positive real numbers. Let {ai,n}∞n=1 and {bi,n}∞n=1 be two sequences of positive integers for
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i = 1, 2, . . . ,K. Suppose that
lim inf
n→∞
⎛
⎜⎜⎜⎝lcm(a1,1, . . . , aK,n) maxj=1,...,s
(
b1,n+j
a1,n+j
) ε1,j
1+ε1,j +
K−1∑
i=1
max
j=1,...,s
(
bi+1,n+j
ai+1,n+j
) εi+1,j
1+εi+1,j
max
j=1,...,s
bi,n+j
ai,n+j
⎞
⎟⎟⎟⎠=0
(8)
and that
1+εi,j
√
ai,n+s+j
bi,n+s+j
≥ 1+εi,j
√
ai,n+j
bi,n+j
+ 1 , 1 ≤ i ≤ K, 1 ≤ j ≤ s (9)
for sufficiently large n. Then the series ∑∞n=1 b1,na1,n , . . . ,
∑∞
n=1
bK,n
aK,n
and the number 1 are
linearly independent over rational numbers.
EXAMPLE 4. Let {ai,n}∞n=1 and {bi,n}∞n=1 be sequences of positive integers for i =
1, 2 such that a1,1 = a2,1 = 1, a1,2 = a2,2 = 2, a1,3 = a2,3 = 3, a1,4 = a2,4 = 4
b1,n = b2,n = 1 for n ∈ N. Also suppose
a1,n+4 =
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
a1,n + 2[√a1,n ] + 2 , if n = 4k, k 	= 2m
a1,n + 4
[
a
2/3
1,n
]
, if n = 4k + 1, k 	= 22m
a1,n + 5
[
a
4/5
1,n
] + 11[a3/51,n
]
, if n = 4k + 2, k 	= 23m
a1,n + 7
[
a
6/7
1,n
] + [a11/141,n
]
, if n = 4k + 3, k 	= 24m
(a1,1 a1,2 . . . a2,n+3−t )2[log log n] + 1 + t , if n = 4k + t , k = 2(t+1)m
t ∈ {0, 1, 2, 3} , m ∈ N
and
a2,n+4 =
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
a2,n +
[ 3
2 a
1/3
2,n
] + 1 , if n = 4k, k 	= 2m
a2,n +
[ 3
2 a
1/4
2,n
]
, if n = 4k + 1, k 	= 22m
a2,n +
[ 6
5 a
1/6
2,n
] + 2 , if n = 4k + 2, k 	= 23m
a2,n +
[ 8
7 a
1/8
2,n
] + 3 , if n = 4k + 3, k 	= 24m
(a1,1 a1,2 . . . a2,n+3−t )16[logn] + 3 + t , if n = 4k + t , k = 2(t+1)m
t ∈ {0, 1, 2, 3} , m ∈ N .
for each n = 1, 2, . . . . Let us take K = 2, s = 4, ε1,1 = 1, ε1,2 = 2, ε1,3 = 4, ε1,4 = 6,
ε2,1 = 1/2, ε2,2 = 1/3, ε2,3 = 1/5 and ε2,4 = 1/7 in Theorem 2.2. Then we obtain the
fact that the series ∞∑
n=1
1
a1,n
,
∞∑
n=1
1
a2,n
and the number 1 are linearly independent over rational numbers.
There are several corollaries of Theorem 2.2 below.
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COROLLARY 3. Let K be a positive integer and let ε1, ε2, . . . , εK be positive real
numbers. Let {ai,n}∞n=1 and {bi,n}∞n=1 for i = 1, 2, . . . ,K be two sequences of positive
integers such that
lim inf
n→∞
(
lcm(a1,1, . . . , aK,n)
(
b1,n+1
a1,n+1
) ε1
1+ε1 +
K−1∑
i=1
ai,n+1
bi,n+1
(
bi+1,n+1
ai+1,n+1
) εi+1
1+εi+1
)
= 0
and that
1+εi
√
ai,n+1
bi,n+1
≥ 1+εi
√
ai,n
bi,n
+ 1 for i = 1, 2, . . . ,K .
Then the series
∑∞
n=1
b1,n
a1,n
, . . . ,
∑∞
n=1
bK,n
aK,n
and the number 1 are linearly independent over
rational numbers.
Proof. Put s = 1 in Theorem 2.2. 
EXAMPLE 5. Let {ai,n}∞n=1 and {bi,n}∞n=1 be sequences of positive integers for i =
1, 2, 3 such that a1,1 = 1, a2,1 = 2, b1,1 = 2, b2,1 = 3 and for each n = 1, 2, . . . , that
a1,n+1 =
{
a1,n + 6a7/81,n + 9a3/41,n + 2 , if n 	= 3m
n(a1,1a1,2 . . . a3,n)3 + 1 , otherwise
b1,n+1 =
{√
a1,n+1 + 1 , if n 	= 3m, m ∈ N
a1,1a1,2 . . . a3,n , otherwise
and that
a2,n+1 =
{
a2,n +
[
a2,n/b
1/3
2,n
] + 5[a2/32,n b1/3n
]
, if n 	= 3m
[3pt]n3(a1,1a1,2 . . . a3,n)3 + 3 , otherwise
b2,n+1 =
{
b2,n +
[
b
2/3
2,n
]
, if n 	= 3m, m ∈ N
[√
n2 + 1 ] , otherwise
and that
a3,n+1 =
{
a3,n + 4[a3,n/n] + 3n2a1/33,n , if n 	= 3m
n5
[
log n(a1,1a1,2 . . . a3,n)
19
2
] + 3 , otherwise
b3,n+1 =
{
(n + 1)3 , if n 	= 3m, m ∈ N
[ 1
n
(a1,1a1,2 . . . a3,n)
1
2
] + 2 , otherwise .
Let us take K = 3, ε1 = 1, ε2 = 2 and ε3 = 1/2 in Corollary 3. Then we obtain the fact
that the series ∞∑
n=1
b1,n
a1,n
,
∞∑
n=1
b2,n
a2,n
,
∞∑
n=1
b3,n
a3,n
and the number 1 are linearly independent over rational numbers.
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COROLLARY 4. Let s be a positive integer, let ε1, ε2, . . . , εs be positive real num-
bers. Let {an}∞n=1 and {bn}∞n=1 be two sequences of positive integers such that
lim inf
n→∞
(
lcm(a1, . . . , an) max
j=1,...,s
(
bn+j
an+j
) εj
1+εj
)
= 0
and that
1+εj
√
an+s+j
bn+s+j
≥ 1+εj
√
an+j
bn+j
+ 1 for j = 1, 2, . . . , s .
Then the series
∑∞
n=1
bn
an
is an irrational number.
Proof. Put K = 1 in Theorem 2.2. 
EXAMPLE 6. Let {an}∞n=1 and {bn} be sequences of positive integers such that a1 =
b1 = 1, a2 = b2 = 2 and for each n = 1, 2, . . . , that
an+2 =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
an + 4
[
a
3/4
n
] + 6[a1/2n
] + 4[a1/4n
] + 2 , if n = 2k, k 	= 5m
an
[√
bn
] + 2bn
[√
an
] + bn
[√
bn
]
, if n = 2k + 1, k 	= 55m
(a1a2 . . . anan+1)2 + 1 , if n = 2k, k = 5m
n2(a1a2 . . . an)2 − 2 , if n = 2k + 1, k = 55m for m ∈ N
and
bn+2 =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
1 , if n = 2k, k 	= 5m
bn
√
bn − 2 if n = 2k + 1, k 	= 55m[
(a1a2 . . . anan+1)
1
3
] − 1 , if n = 2k, k = 5m
n + 3 , if n = 2k + 1, k = 55m for m ∈ N .
Let us take s = 2, ε1 = 3 and ε2 = 1 in Corollary 4. Then we obtain the fact that the series
∞∑
n=1
bn
an
is an irrational number.
REMARK. If we take K = 1 and s = 1 simultaneously in Theorem 2.2 we obtain
Theorem published in [6].
3. Proofs
Proof of Theorem 2.1. Suppose the contrary that there exists a K-tuple of integers
α1, α2, . . . , αk not all equal to zero, an integer p and a positive integer q such that
p
q
=
K∑
i=1
αi
∞∑
k=1
bi,k
ai,k
.
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Let L be the first index with αL 	= 0. Then
p
q
=
K∑
i=L
αi
∞∑
k=1
bi,k
ai,k
=
K∑
i=L
∞∑
k=1
αi
bi,k
ai,k
. (10)
Multiplying both sides by q lcm(a1,1, . . . , aK,n) we obtain that
p lcm(a1,1, . . . , aK,n) = q lcm(a1,1, . . . , aK,n)
K∑
i=L
n∑
k=1
αi
bi,k
ai,k
+ q lcm(a1,1, . . . , aK,n)
K∑
i=L
∞∑
k=n+1
αi
bi,k
ai,k
.
This implies that the number
Bn = q lcm(a1,1, . . . , aK,n)
K∑
i=L
∞∑
k=n+1
αi
bi,k
ai,k
(11)
is an integer for each n ∈ N. The idea of the proof consists in showing that 0 < |Bn| < 1.
Assumption (7) implies that there exist positive real numbers A1, A2, . . . , Ak greater than
1 and not depend on n such that
bi,n
ai,n
> Ai
bi,n+s
ai,n+s
for each i = 1, 2, . . . ,K and for every sufficiently large n. Using the principle of mathe-
matical induction we get
bi,n+rs
ai,n+rs
<
1
Ari
· bi,n
ai,n
(12)
for every positive integer r . We need to estimate the series
∑∞
k=n+1
bi,k
ai,k
to show that Bn 	= 0
for infinitely many n. Using (12) we find the upper bound
∞∑
k=n+1
bi,k
ai,k
=
n+s∑
k=n+1
∞∑
j=0
bi,k+js
ai,k+js
<
n+s∑
k=n+1
bi,k
ai,k
∞∑
j=0
1
A
j
i
≤ s Ai
Ai − 1 maxj=1,...,s
bi,n+j
ai,n+j
for L ≤ i ≤ K
(13)
and the lower bound
∞∑
k=n+1
bi,k
ai,k
> max
j=1,...,s
bi,n+j
ai,n+j
for L ≤ i ≤ K. (14)
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Moreover, we will show now that Bn has the same sign as αL. Without loss of generality,
suppose that αL > 0. Then using (13) and (14) we obtain that
K∑
i=L
∞∑
k=n+1
αi
bi,k
ai,k
= αL
∞∑
k=n+1
bL,k
aL,k
+
K∑
i=L+1
αi
∞∑
k=n+1
bi,k
ai,k
≥ αL
∞∑
k=n+1
bL,k
aL,k
−
K∑
i=L+1
|αi |
∞∑
k=n+1
bi,k
ai,k
> αL max
j=1,...,s
bL,n+j
aL,n+j
−
K∑
i=L+1
|αi |s Ai
Ai − 1 maxj=1,...,s
bi,n+j
ai,n+j
= max
j=1,...,s
bL,n+j
aL,n+j
⎛
⎜⎝αL −
K∑
i=L+1
Qi
max
j=1,...,s
bi,n+j
ai,n+j
max
j=1,...,s
bL,n+j
aL,n+j
⎞
⎟⎠
(15)
where Qi = |αi |sAi/(Ai − 1) are positive real constants for i = L,L + 1, . . . ,K . Now
we use the condition (6). It asserts that there exist infinitely many n such that
lcm(a1,1, . . . , aK,n) max
j=1,...,s
b1,n+j
a1,n+j
+
K−1∑
i=1
max
j=1,...,s
bi+1,n+j
ai+1,n+j
max
j=1,...,s
bi,n+j
ai,n+j
< M
for every positive real number M with M < 1. Hence
lcm(a1,1, . . . aK,n) max
j=1,...,s
b1,n+j
a1,n+j
< M (16)
and
max
j=1,...,s
bi+1,n+j
ai+1,n+j
max
j=1,...,s
bi,n+j
ai,n+j
< M for i = 1, 2, . . . , K − 1 . (17)
Inequality (17) can be generalized using the fact that 0 < M < 1 to
max
j=1,...,s
bu,n+j
au,n+j
max
j=1,...,s
bv,n+j
av,n+j
< Mu−v < M for L ≤ v < u ≤ K . (18)
Since Inequality (18) is valid for every positive integer M , let us put M < min(1, 1/∑K
i=L+1 Qi) where Qi are positive real constants defined in (15). Take v = L in (18), then
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this and (15) imply that
K∑
i=L
∞∑
k=n+1
αi
bi,k
ai,k
> max
j=1,...,s
bL,n+j
aL,n+j
(
αL − M
K∑
i=L+1
Qi
)
> max
j=1,...,s
bL,n+j
aL,n+j
(αL − 1) ≥ 0 .
From this and (11), it follows that Bn is a positive integer. In the case αL < 0, the procedure
is analogous. So we have proved that Bn is a nonzero integer with the same sign as αL. We
now show that |Bn| < 1 for infinitely many n. From (11), we obtain that
|Bn| ≤ q lcm(a1,1, . . . , aK,n)
K∑
i=L
∞∑
k=n+1
|αi | bi,k
ai,k
. (19)
Use (13) and (18) putting v = 1 and we have that
K∑
i=L
∞∑
k=n+1
|αi | bi,k
ai,k
< max
j=1,...,s
b1,n+j
a1,n+j
+
K∑
i=L
|αi | s Ai
Ai − 1 maxj=1,...,s
bi,n+j
ai,n+j
= max
j=1,...,s
b1,n+j
a1,n+j
⎛
⎜⎝1 +
K∑
i=L
Qi
max
j=1,...,s
bi,n+j
ai,n+j
max
j=1,...,s
b1,n+j
a1,n+j
⎞
⎟⎠
< max
j=1,...,s
b1,n+j
a1,n+j
(
1 + M
K∑
i=L
Qi
)
< 2 max
j=1,...,s
b1,n+j
a1,n+j
(20)
for all sufficiently large positive real number M . From this, (16), (19) and the fact that M
can be chosen arbitrary small, we obtain that
0 < |Bn| ≤ q lcm(a1,1, . . . , aK,n)
K∑
i=L
∞∑
k=n+1
|αi | bi,k
ai,k
≤ 2q lcm(a1,1, . . . , aK,n) max
j=1,...,s
b1,n+j
a1,n+j
≤ 2qM < 1 .
for infinitely many n. This contradicts the fact that Bn is an integer. 
Proof of Theorem 2.2. Suppose the contrary that there exists a K-tuple of integers
α1, α2, . . . , αk not all equal to zero, an integer p and a positive integer q such that
p
q
=
K∑
i=1
αi
∞∑
k=1
bi,k
ai,k
.
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Let L be the first index with αL 	= 0. Then
p
q
=
K∑
i=L
αi
∞∑
k=1
bi,k
ai,k
=
K∑
i=L
∞∑
k=1
αi
bi,k
ai,k
. (21)
Multiplying both sides by q lcm(a1,1, . . . , aK,n) we obtain that
p lcm(a1,1, . . . , aK,n) = q lcm(a1,1, . . . , aK,n)
K∑
i=L
n∑
k=1
αi
bi,k
ai,k
+ q lcm(a1,1, . . . , aK,n)
K∑
i=L
∞∑
k=n+1
αi
bi,k
ai,k
.
This implies that the number
Bn = q lcm(a1,1, . . . , aK,n)
K∑
i=L
∞∑
k=n+1
αi
bi,k
ai,k
(22)
is an integer for each n ∈ N. The idea of the proof is analogous as to the proof of Theorem
2.1. Let us prove that 0 < |Bn| < 1. Assumption (9) implies that
ai,n+s+j
bi,n+s+j
≥
(
1+εi,j
√
ai,n+j
bi,n+j
+ 1
)1+εi,j
for each i = 1, 2, . . . ,K, j = 1, 2, . . . , s and for every sufficiently large n. Using the
principle of mathematical induction, we get that
ai,n+rs+j
bi,n+rs+j
≥
(
1+εi,j
√
ai,n+j
bi,n+j
+ r
)1+εi,j
(23)
for every positive integer r . We need to estimate the series
∑∞
k=n+1
bi,k
ai,k
to show that Bn 	= 0
for infinitely many n. Firstly, we need the following inequality
∞∑
t=0
1
(z + t)1+δ <
∫ ∞
z−1
dx
x1+δ
= 1
δ(z − 1)δ ,
which is valid for every sufficiently large real number z and for δ > 0. Using this and (23)
we get the upper bound
∞∑
k=n+1
bi,k
ai,k
=
s∑
j=1
∞∑
m=0
bi,n+j+ms
ai,n+j+ms
≤
s∑
j=1
∞∑
m=0
1(
1+εi,j
√
ai,n+j
bi,n+j + m
)1+εi,j
<
s∑
j=1
1
εi,j
(
1+εi,j
√
ai,n+j
bi,n+j − 1
)εi,j for L ≤ i ≤ K and 1 ≤ j ≤ s .
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Inequality (9) implies that limk→∞(ai,k/bi,k) = ∞ for each i = 1, 2, . . . ,K . Hence there
exists a positive real constant c which does not depend on n such that
∞∑
k=n+1
bi,k
ai,k
<
s∑
j=1
1
εi,j
(
1+εi,j
√
ai,n+j
bi,n+j − 1
)εi,j <
s∑
j=1
c
εi,j
(
bi,n+j
ai,n+j
)εi,j /(1+εi,j )
< R max
j=1,...,s
(
bi,n+j
ai,n+j
)εi,j /(1+εi,j )
for L ≤ i ≤ K
(24)
where R is a suitable positive real constant. The lower bound of the series
∑∞
k=n+1
bi,k
ai,k
is
the same as in the previous theorem, thus
∞∑
k=n+1
bi,k
ai,k
> max
j=1,...,s
bi,n+j
ai,n+j
for L ≤ i ≤ K . (25)
Moreover, we show now that Bn has the same sign as αL. Without loss of generality
suppose that αL > 0. Then using (24), (25) and the fact that (bi,k/ai,k) → 0, if k → ∞ for
i = 1, 2, . . . ,K we obtain that
K∑
i=L
∞∑
k=n+1
αi
bi,k
ai,k
= αL
∞∑
k=n+1
bL,k
aL,k
+
K∑
i=L+1
αi
∞∑
k=n+1
bi,k
ai,k
≥ αL
∞∑
k=n+1
bL,k
aL,k
−
K∑
i=L+1
|αi |
∞∑
k=n+1
bi,k
ai,k
> αL max
j=1,...,s
bL,n+j
aL,n+j
−
K∑
i=L+1
|αi |R max
j=1,...,s
(
bi,n+j
ai,n+j
) εi,j
1+εi,j
= max
j=1,...,s
bL,n+j
aL,n+j
⎛
⎜⎜⎜⎝αL − R
K∑
i=L+1
|αi |
max
j=1,...,s
(
bi,n+j
ai,n+j
) εi,j
1+εi,j
max
j=1,...,s
bL,n+j
aL,n+j
⎞
⎟⎟⎟⎠
(26)
for sufficiently large n and for i = L,L + 1, . . . ,K . Now we use the condition (8). It
asserts that there exist infinitely many n such that
lcm(a1,1, . . . , aK,n) max
j=1,...,s
(
b1,n+j
a1,n+j
) ε1,j
1+ε1,j +
K−1∑
i=1
max
j=1,...,s
(
bi+1,n+j
ai+1,n+j
) εi+1,j
1+εi+1,j
max
j=1,...,s
bi,n+j
ai,n+j
< M
for every positive real number M with M < 1. Hence
lcm(a1,1, . . . , aK,n) max
j=1,...,s
(
b1,n+j
a1,n+j
) ε1,j
1+ε1,j
< M (27)
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and
max
j=1,...,s
(
bi+1,n+j
ai+1,n+j
) εi+1,j
1+εi+1,j
max
j=1,...,s
bi,n+j
ai,n+j
< M for i = 1, 2, . . . , K − 1 . (28)
Inequality (28) showing the relation between terms of the successive sequences bi+1,n/
ai+1,n and bi,n/ai,n can be generalized so that the relation holds for each two sequences
bu,n/au,n and bv,n/av,n with u > v. Using the fact that M < 1 and bi,k/aik < 1 for
every sufficiently large k and for 1 ≤ i ≤ K , we get that
max
j=1,...,s
(
bu,n+j
au,n+j
) εu,j
1+εu,j
max
j=1,...,s
bv,n+j
av,n+j
=
u−v∏
i=1
max
j=1,...,s
(
bu+1−i,n+j
au+1−i,n+j
) εu+1−i,j
1+εu+1−i,j
max
j=1,...,s
bu−i,n+j
au−i,n+j
×
u−v−1∏
i=1
max
j=1,...,s
(
bu−i,n+j
au−i,n+j
) 1
1+εu−i,j
< Mu−v < M .
(29)
for 1 ≤ v < u ≤ K . Let M < min(1, 1/(R ∑Ki=L+1 | αi | )). Let us put v = L in (29). This
and (26) imply that
K∑
i=L
∞∑
k=n+1
αi
bi,k
ai,k
> max
j=1,...,s
bL,n+j
aL,n+j
(
αL − RM
K∑
i=L+1
| αi |
)
> max
j=1,...,s
bL,n+j
aL,n+j
(αL − 1) ≥ 0 .
From this and (22), it follows that Bn is a positive integer. In the case αL < 0, the procedure
is analogous. So we have proved that Bn is a nonzero integer with the same sign as αL. We
now show that |Bn| < 1 for infinitely many n. From (22) we obtain that
|Bn| ≤ q lcm(a1,1, . . . , aK,n)
K∑
i=L
∞∑
k=n+1
|αi | bi,k
ai,k
. (30)
Setting v = 1 using (29), (24) and the fact that b1,k/a1,k < 1 for every sufficiently large k
and we have that
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K∑
i=L
∞∑
k=n+1
|αi | bi,k
ai,k
< max
j=1,...,s
b1,n+j
a1,n+j
+ R
K∑
i=L
|αi | max
j=1,...,s
(
bi,n+j
ai,n+j
) εi,j
1+εi,j
= max
j=1,...,s
b1,n+j
a1,n+j
⎛
⎜⎜⎜⎝1 + R
K∑
i=L
|αi |
max
j=1,...,s
(
bi,n+j
ai,n+j
) εi,j
1+εi,j
max
j=1,...,s
b1,n+j
a1,n+j
⎞
⎟⎟⎟⎠
< max
j=1,...,s
b1,n+j
a1,n+j
(
1 + RM
K∑
i=L
|αi |
)
≤ 2 max
j=1,...,s
b1,n+j
a1,n+j
< 2 max
j=1,...,s
(
b1,n+j
a1,n+j
) ε1,j
1+ε1,j
(31)
for sufficiently small positive real number M . From this, (27) and (30), we obtain that
0 < |Bn| ≤ q lcm(a1,1, . . . , aK,n)
K∑
i=L
∞∑
k=n+1
|αi | bi,k
ai,k
≤ 2q lcm(a1,1, . . . , aK,n) max
j=1,...,s
(
b1,n+j
a1,n+j
) ε1,j
1+ε1,j ≤ 2qM < 1
for infinitely many n. This contradicts the fact that Bn is an integer. 
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